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ABSTRACT
Earth’s magnetotail region provides a unique environment to study plasma turbu-
lence. We investigate the turbulence developed in an exhaust produced by magnetic
reconnection at the terrestrial magnetotail region. Magnetic and velocity spectra show
broad-band fluctuations corresponding to the inertial range, with Kolmorogov −5/3
scaling, indicative of a well developed turbulent cascade. We examine the mixed, third-
order structure functions, and obtain a linear scaling in the inertial range. This linear
scaling of the third-order structure functions implies a scale-invariant cascade of energy
through the inertial range. A Politano-Pouquet third-order analysis gives an estimate
of the incompressive energy transfer rate of ∼ 107 J kg−1 s−1. This is four orders of
magnitude higher than the values typically measured in 1 AU solar wind, suggesting
that the turbulence cascade plays an important role as a pathway of energy dissipation
during reconnection events in the tail region.
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1 INTRODUCTION
Magnetic reconnection and turbulence are two fundamen-
tal processes observed in many natural systems (Vasyliu-
nas 1975; Parker 1979; Taylor 1986). Magnetic reconnection
is the process by which two magnetic field lines reconfig-
ure their topology, converting magnetic energy into kinetic
and thermal energy (Parker 1957; Sonnerup 1984; Schindler
et al. 1988). Turbulence is generally characterized by the
presence of broadband fluctuations in space and time. The
non-linear interaction between the eddies in a turbulent sys-
tem, leads to transfer of energy from large to small scales,
ultimately dissipating into heat - a process known as energy
cascade (Richardson 1922; de Kármán & Howarth 1938; Kol-
mogorov 1941a; Frisch 1995). Using two-dimensional simu-
lations, magnetic reconnection is shown to occur at small-
scales in thin current sheets, as a part of the turbulent cas-
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cade process, dissipating magnetic energy into flow and ther-
mal energy (Servidio et al. 2009). On the other hand, large-
scale reconnection, such as the ones observed in the Earth’s
magnetopause and magnetotail, can drive the plasma tur-
bulence, injecting large-scale energy into the system. The
interplay of the two processes have been a subject of increas-
ing interest in space physics research (Matthaeus & Lamkin
1986; Eastwood et al. 2009; Matthaeus & Velli 2011; Chas-
apis et al. 2017; Shay et al. 2018).
Magnetic reconnection in the magnetotail region is un-
derstood as one of the most important mechanisms to pro-
vide energy for auroral substorms. The magnetotail plasma
is known to exhibit characteristics of turbulent fluctua-
tions (Borovsky et al. 1997). While turbulence in the solar
wind has been extensively studied with the help of a large
fleet of spacecraft (see reviews by Bruno & Carbone 2013;
Verscharen et al. 2019), the literature focusing on magneto-
tail turbulence remains sparse (Vörös et al. 2004; Stepanova
et al. 2009; Zimbardo et al. 2010). Nevertheless, the prop-
erties of turbulence, developed in the outflows of reconnec-
tion, particularly in the context of magnetotail reconnec-
tion, have become a topic of recurrent interest in the recent
© 2020 The Authors
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Table 1. Description of some plasma parameters. Data ob-
tained on 2017 June 16 from 18:10:03 to 18:29:33 UT. The
magnetic-field rms fluctuation amplitude is calculated as Brms =√〈|B(t)− 〈B〉|2〉. Ion inertial length di, electron inertial length
de, ion velocity V, and the proton plasma beta βp = v2th/V
2
A are
also reported.
|〈B〉| |〈VA〉| Brms|〈B〉| 〈ni〉 di |〈V〉| Vrms βp
(nT) (km/s) (cm−3) (km) (km/s) (km/s)
31 1554 0.05 0.22 466 171 100 0.24
years (Huang et al. 2012; Osman et al. 2015; Pucci et al.
2017).
A main characteristic of a well-developed turbulent sys-
tem is the presence of a scale-invariant energy cascade at
the inertial range. This constant energy flux in the inertial
scales is the basis of Kolmogorov’s power-law spectrum (Kol-
mogorov 1941a). But a third-order statistics, first developed
in hydrodynamics (Kolmogorov 1941b; Monin & Yaglom
1971, 1975; Frisch 1995) and later extended to magneto-
hydrodynamic (MHD) turbulence by Politano & Pouquet
(1998a,b), reveal the existence and value of the inertial-scale
energy flux more directly. The Politano-Pouquet law, in its
isotropic form, has been applied to estimate the turbulent
heating rate in the solar-wind (e.g., MacBride et al. 2008;
Sorriso-Valvo et al. 2007), magnetosheath (Bandyopadhyay
et al. 2018; Hadid et al. 2018), and magnetospheric bound-
ary layer (Sorriso-Valvo et al. 2019). However, due to instru-
mental limitations of past missions, direct observations of
inertial-range energy transfer in the magnetotail region have
not been possible. In this paper, we investigate the MHD-
scale energy transfer rate in a reconnection exhaust detected
by the Magnetospheric Multiscale (MMS) mission (Burch
et al. 2016) in Earth’s magnetotail region.
2 MMS OBSERVATIONS
MMS is designed to study magnetic reconnection, turbu-
lence, and particle acceleration in Earth’s magnetosphere at
high spatial and temporal resolution with four satellites, in
a tetrahedral formation. We use burst resolution MMS data
obtained in the magnetotail region on 2017 June 16 from
18:10:03 to 18:29:33 UTC. The separation of the four MMS
spacecraft was ≈ 35 km, which is much smaller than the ion
inertial length (di ≈ 466 km). We use magnetic field mea-
surements from the Fluxgate (FGM; Russell et al. 2016) and
search-coil (SCM; Le Contel et al. 2016) magnetometers and
particle moments from the Fast Plasma Investigation (FPI;
Pollock et al. 2016) instrument. An overview of the inter-
val is shown in Fig. 1. Corrections have been applied to
the FPI/DIS moments according to the method described
in Gershman et al. (2019) to account for the penetrating
radiation effect. From the top panel of Fig. 1, a very strong
mean-magnetic field is present in the −XGSE direction. The
value of Brms/|〈B〉| is 0.05, which indicates that the mean-
magnetic field is much stronger than the turbulent fluctua-
tions. This strong mean field is expected to generate spectral
anisotropy (Shebalin et al. 1983; Oughton et al. 1994). This
strong BX field indicates that MMS is mostly located at
the edge of the plasma sheet where the beta is rather small
whereas near the equator Btotal is smaller and the plasma
beta can be high up to 50-100. So, the observations are char-
acteristic of the edge of the plasma sheet.
A major challenge in performing the usual turbulence
studies in the magnetotail region is that, unlike the solar
wind or magnetosheath, often there is no clear bulk flow in
these plasmas. Therefore, in such a case, the usual interpre-
tation of spacecraft time series data as a one-dimensional
spatial sample, by Taylor’s frozen-in hypothesis Taylor
(1938), is not applicable. This is one of the primary reasons
for the relative scarcity of such observations in magneto-
tail turbulence (Borovsky et al. 1997; Borovsky & Funsten
2003; Ergun et al. 2018), compared to solar wind turbu-
lence (Bruno & Carbone 2013). Nevertheless, in the current
interval, due to the strong reconnection exhaust, there is a
relatively strong and steady flow in the XGSE direction.
The mean proton temperature is Ti ∼ 3000 eV, which
is typical for magnetotail plasma (∼ 1-10 keV), but it is
about 200 times higher than the usual ion temperature in the
solar wind, and about 30 times higher than the typical ion
temperature in the magnetosheath. This high temperature
indicates that a strong heating process may be going on
in the plasmas, possibly due to reconnection heating and
turbulent cascade. The average density is about 0.22 cm−3,
resulting in a plasma beta of βp = 0.24, smaller than unity.
2.1 Taylor Hypothesis
From single spacecraft measurements, one obtains a time
series sample. If the average flow speed of the plasma with
respect to the spacecraft is sufficiently faster than the Alfvén
speed, one can assume Taylor hypothesis (Taylor 1938) to
convert the temporal (τ) measurements to spatial (`) mea-
surement : ` = Vfτ , where Vf is the flow speed of the plasma.
For the chosen MMS interval, however, the Alfvén speed, cal-
culated from the mean magnetic field, is 9 times larger than
the mean flow speed (table 1) and Vrms/Vf = 0.58. Therefore,
it is not obvious that the Taylor hypothesis would be appli-
cable here. To test the validity of the Taylor hypothesis, we
take advantage of a multi-spacecraft method. We calculate
the second-order structure function of the magnetic field,
D(2)(`) = 〈|B(x+ `)−B(x)|2〉, (1)
using the spatial lags between six 2-spacecraft pairs, and
compare them with the same calculated from the time se-
ries, assuming Taylor’s frozen-in flow with a mean speed
of 171 km/s. A FGM-SCM merged (FSM) data product
with a crossover between the instruments from 4 to 7 Hz
is used (Argall et al. 2018, in preparation) for this purpose.
Figure 2 plots the second-order structure function us-
ing the two methods. Despite having a considerably larger
Alfvén speed compared to the mean flow speed, Taylor’s
frozen-in theorem appears to roughly hold in the sub-proton
scales. We recall that Vf >> VA, is the most stringent con-
dition for the case of fluctuations which are propagating
Alfvén wave. If the fluctuations represent well-developed tur-
bulence, this condition is somewhat relaxed (Matthaeus &
Goldstein 1982). Eddy-turnover times for turbulent mag-
netic structures of size λ ∼ 1/k may be estimated (Batchelor
1953; Dobrowolny et al. 1980) as tλ ∼ 1/(bkk), where bk, is
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Figure 1. Overview of the MMS observations selected for this study. The data shown are from the FGM and FPI instruments on-board
the MMS1 spacecraft. The panels plot the magnetic field components in GSE coordinates, the ion velocity, the ion and electron density,
the ion temperature, and the electron temperature.
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Figure 2. Test of Taylor’s Hypothesis using second-order struc-
ture function of the magnetic field. The solid line is obtained us-
ing the Taylor’s hypothesis, and averaged over the 4 MMS space-
craft. The symbols are the values computed using a two-spacecraft
method. The solid, vertical line represents the Taylor-shifted ion-
inertial length scale di.
the Fourier-series amplitude of magnetic-field, measured in
Alfven units, at wave number k. The fluctuations are frozen
in if the characteristic time, tλ, for dynamical evolution of
structure of size λ is much greater than the convection time
of the structure with speed Vf : t ∼ λ/Vf . Therefore, the con-
dition tλ  t will be satisfied if Vf  bk. The magnitude
of bk will depend on k but, will be smaller than the rms
fluctuation δVA = 78km/s. Given that δVA/Vf = 0.5, one
may expect that the ’frozen-in’ approximation holds for all
MHD-scale fluctuations. Similar observations were found in
some other sub-Alfvénic flows (Stawarz et al. 2016; Sorriso-
Valvo et al. 2019). Fig. 2 suggests that the multi-spacecraft
measurements are about ∼ 10 times higher than the Taylor-
based ones. However, we expect the quality of the frozen-in
approximation to improve at the inertial scales, compared to
kinetic scales. Since inertial-range fluctuations are of inter-
est here, we proceed by assuming that the Taylor hypothesis
is reasonably valid with a flow speed of 171 km/s.
2.2 Spectra
To study the nature of MHD-scale turbulent fluctuations
in the selected interval, we begin by computing the power
spectra for magnetic and proton-velocity field. Note that
although we used merged FSM magnetic-field data to test
the validity of Taylor hypothesis in section 2.1, to investi-
gate the nature of MHD-scale turbulence, the FGM data
resolution suffices. Figure 3 shows that magnetic-field spec-
trum computed from FGM data and proton velocity spec-
trum computed from FPI data. Both spectra exhibit a clear
inertial-range with Kolmogorov −5/3 scaling. The magnetic-
field spectrum shows a steepening to ∼ −7/3 slope near the
ion-inertial scale di, and then the spectrum flattens due to
noise ∼ 5 Hz. The velocity spectrum becomes dominated
by the counting-statistics noise (Gershman et al. 2018) near
kdi = 1, so the steepening can not be observed in this case.
The broad inertial-range scaling for the magnetic and ve-
locity field indicate a well-developed, classical Kolmogorov-
type turbulence with a scale-invariant flux in the inertial
range (Frisch 1995; Biskamp 2003; Hadid et al. 2015; Huang
et al. 2014).
MNRAS 000, 1–6 (2020)
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Figure 3. Spectra of magnetic field (top) and ion velocity field
(bottom). Kolmogorov scaling ∼ f−5/3 is shown for reference.
The solid vertical line represents kdi = 1 with the wave vector
k ' (2pif)/|〈V〉|.
3 POLITANO-POUQUET ENERGY CASCADE
To estimate the energy transfer rate () in the inertial scale,
we use the Kolmorogov-Yaglom law, extended to isotropic
MHD (Politano & Pouquet 1998a,b),
Y ±(`) = −4
3
±`, (2)
where Y ±(`) = 〈ˆ`· ∆Z∓(x, `)|∆Z±(x, `)|2〉, are the mixed
third-order structure functions. The Elsasser variables are
defined as Z± = V ± B/√µ0mp ni. ∆Z±(x, `) are the in-
crements of the Elsasser variables at position x, for lag `:
∆Z±(x, `) = Z±(x+ `) − Z±(x). Here, µ0 is the magnetic
permeability of vacuum, mp is the proton mass, respectively
and ni is the proton number density. ± = −d(Z±)2/dt are
the cascade rate for each Elsasser variable. The energy cas-
cade rate is obtained by averaging the two:  = −dE/dt =
(+ + −)/2 , where E is the total (magnetic+kinetic) fluc-
tuation energy: E = v2 + b2.
Equation (2), known as the third-order law or the
Politano-Pouquet law, has been the standard approach in
estimating the turbulent cascade rate in space plasmas. We
note here that second-order statistics has also been used to
evaluate the energy flux, although with some additional as-
sumptions and parameters (Verma et al. 1995; Verma 1996).
Further, compressibility has been taken into account in
some variations of the Yaglom law (e.g., Banerjee & Galtier
2013). Nevertheless, here we use the classical, incompress-
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Figure 4. The average of the two mixed third-order structure
functions. A linear scaling is shown for reference.
ible Politano-Pouquet law to estimate the incompressive en-
ergy cascade. The third-order law, in its isotropic form as
in equation 2, is derived assuming isotropy. However, even
in strongly anisotropic systems, (as in Stawarz et al. (2009)
and Osman et al. (2011)), the results have been quite com-
parable with the isotropic case.
For adequate statistics, we average the data from all
four MMS spacecraft, and then calculate the structure func-
tions. Figure 4 plots the average mixed third-order struc-
ture functions as a function of Taylor-shifted lag. An ap-
proximately linear scaling is indeed observed in the range
∼ 1 − 5 di, and this approximate linear scaling is used to
estimate an inertial-range energy flux. The range of approx-
imate linear scaling is rather short, spanning less than a
decade. This short range is indicative of narrow scale sepa-
ration and small Reynolds number of this system. Neverthe-
less, fitting a straight line in the inertial range we obtain,
 = (24.2± 0.4)× 106 J kg−1 s−1. (3)
The uncertainty is obtained by fitting a straight-line
of unit slope within the range ` = 1 to 5 di. For compar-
ison, we note that the corresponding value in the 1 AU
pristine solar wind 1 is ∼ 103 J kg−1 s−1 (Sorriso-Valvo
et al. 2007), and that in the magnetosheath plasma is
∼ 106 J kg−1 s−1 (Bandyopadhyay et al. 2018; Hadid et al.
2018).
4 SUMMARY AND DISCUSSION
We present an estimate of turbulent energy cascade rate in
a reconnection jet detected by MMS spacecraft. This is the
first report of a Politano-Pouquet scaling, and consequently,
of an energy decay estimate in a magnetotail reconnection
exhaust. Previous studies had already established intermit-
tency and energy conversion between particles and electro-
magnetic fields in similar systems (Huang et al. 2012; Osman
et al. 2015). This study provides a next step in those direc-
tion. The analysis is facilitated by a fast, steady flow due to
1 Pristine solar wind, here, refers to the solar wind outside the
bow shock, free from any shock contamination, such as reflected
ions or upstream waves.
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the reconnection jet, which allows us to use the Taylor hy-
pothesis. The possible validity of Taylor-hypothesis is argued
using the two-spacecraft measurements. Prior to MMS, such
cross-checking was not possible, and studies had to rely on
indirect ways of cross checking such as the proximity of be-
tween the spectral-break and proton kinetic scales (gyro ra-
dius or ion-inertial length) to validate the Taylor hypothesis.
This is based on earlier studies (e.g., Chen et al. 2014) that
showed the ion-scale spectral break occurs at the larger of
the ion gyroradius and ion-inertial length. The very high en-
ergy transfer rate, evaluated using the third-order law, may
be responsible for the temperature profile in the magnetotail
region, as has been suggested for other systems (MacBride
et al. 2008; Saur 2004). The quantitative estimation of the
heating rate, evaluated in this paper may provide key in-
formation for modeling of the Earth’s magnetosphere, and
further our understanding of role of turbulence in magnetic
reconnection. The measurements are recorded at the edge of
the plasma sheet where beta is smaller than 1 and plasma
velocity is often mostly parallel to B0. It remains to be seen
how the conclusions will change with data gathered near the
equatorial region where beta is much larger (at least > 1)
and plasma velocity mostly perpendicular to B0. Such an
extension would represent a significant subsequent study.
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